We introduce a lower order perturbation of the mean curvature flow in almost Kähler-Einstein manifolds and prove that Lagrangians are preserved under this flow. Furthermore we show that in the almost CalabiYau case this flow yields a possible method to flow to special Lagrangian submanifolds.
Introduction
Given a Calabi-Yau n-fold M with parallel holomorphic volume form Ω there is a distinguished class of submanifolds, called special Lagrangian submanifolds. These are oriented Lagrangian submanifolds, which are calibrated with respect to Re Ω. Special Lagrangian submanifolds have received a lot of attention since the fundamental paper [8] by Strominger, Yau and Zaslow, where special Lagrangian submanifolds are related to mirror symmetry.
The notion of special Lagrangian submanifolds can be generalized to the case, when the ambient manifold is almost Calabi-Yau. An almost Calabi-Yau n-fold is a Kähler n-fold with non-vanishing, not necessarily parallel, holomorphic volume form. Almost Calabi-Yau manifolds have several nice properties. One nice feature of almost Calabi-Yau structures is that they appear in infinite dimensional families, i.e. the moduli space of almost Calabi-Yau structures is infinite dimensional, while Calabi-Yau metrics only appear in finite dimensional families. Another nice fact is that there are explicit examples for almost CalabiYau manifolds known, while there are no nontrivial explicit Calabi-Yau metrics on compact manifolds known. For instance a quintic in CP 4 together with the Fubini-Study metric defines an almost Calabi-Yau manifold. Special Lagrangian submanifolds in almost Calabi-Yau manifolds have been studied by Joyce in a series of papers (for a survey see [4] ). To find general methods to construct examples of special Lagrangian submanifolds in (almost) Calabi-Yau manifolds seems to be very difficult. Nevertheless special Lagrangian submanifolds have a very good deformation theory. Given a special Lagrangian submanifold L in a Calabi-Yau manifold, then by McLean's deformation theorem [5] the moduli space of special Lagrangian deformations is a smooth manifold of dimension b 1 (L). McLean's deformation theorem also holds in the almost Calabi-Yau case as proved by Joyce in [3] . Since special Lagrangian submanifolds are calibrated submanifolds they are volume minimizing in their homology class. Therefore one could try to construct them by using mean curvature flow of Lagrangian submanifolds. The existence of the Lagrangian mean curvature flow in Kähler-Einstein manifolds was proved by Smoczyk in [6] , which means that for a given Lagrangian immersion F there exists a smooth family of Lagrangian immersions F t evolving by mean curvature with F 0 = F . An important question is to find conditions under which the Lagrangian mean curvature flow converges to a nonsingular special Lagrangian submanifold. One attempt to this has been done by Thomas and Yau in [9] . There are two main problems one is confronted with. First the flow will in general develop singularities and there are only a few convergence results known for Lagrangian mean curvature flow, for example by Smoczyk and Wang in [7] and by Wang in [10] . A second problem which occurs is that not every Lagrangian submanifold has a Lagrangian volume minimizer in its homology class. Examples of such Lagrangian submanifolds have been found by Wolfson in [11] .
In this paper we will generalize Smoczyk's result to the case when the ambient manifold is almost Kähler-Einstein, so in particular for almost Calabi-Yau manifolds. The flow we are studying is a lower order perturbation of the ordinary mean curvature flow, which we also call Lagrangian mean curvature flow, and which in the Kähler-Einstein case reduces to the mean curvature flow. Furthermore we show that the Lagrangian mean curvature flow can also in the almost Calabi-Yau case be used to flow to special Lagrangians. In the last part we prove in the case of almost Calabi-Yau manifolds, that the Lagrangian mean curvature flow is given by the differential of the Lagrangian angle and we compute the evolution equation of the Lagrangian angle.
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The Riemannian metric on L induced by F is denoted by g. We denote by H the inward pointing mean curvature vector of F (L), which is defined to be the trace of the second fundamental form of F with respect to g. In our convention the Ricci formρ ofḡ is given bȳ
For any normal vector field X on L we define a one form α X on L by
Since it is difficult to find the proof of this formula in the literature we demonstrate it here.
Proof. Choose coordinates {x
i } on L and denote e j = F * ∂ ∂x j . Define
where II is the second fundamental form. Then α H = g jk h ijk dx i and, since L is Lagrangian, h is completely symmetric. Now let p ∈ L and assume that the coordinates {x i } are normal at p. Then we have at p
Using the symmetry of h we have
In the normal coordinates we have at p
Using this and the Kähler condition gives
at p and so ∂h mjk ∂x l − ∂h ljk ∂x m =R mlkj . Using the following well known formula for the Ricci form
one easily finds g jkR mlkj =ρ lm , completing the proof. From now on we additionally assume that our Kähler manifold (M, J,ω,ḡ) is almost Kähler-Einstein. Define a normal vector field X on L by
Proof. Since F : L −→ M is a Lagrangian immersion and our ambient manifold is almost Kähler-Einstein we have F * ρ = nF * dd c ψ. Hence
The previous Proposition shows that infinitesimally Lagrangians are preserved under the deformation induced by the normal vector field X. This motivates to study the following initial value problem for a smooth one parameter family
where
Remark that in the case of a Kähler-Einstein manifold this flow equation is just the ordinary mean curvature flow studied by Smoczyk in [6] . In particular, since the projection onto the normal bundle is a first order differential operator on F t , (LMCF) is a lower order perturbation of the ordinary mean curvature flow and short time existence follows as in [6, Prop. 1.6].
Preserving the Lagrangian condition
Let [0, T ] be a compact time interval, such that there exists a solution {F t } of (LMCF) for all t ∈ [0, T ]. Our goal is to prove that the Lagrangian condition is preserved under (LMCF), i.e. F * tω = 0 for all t ∈ [0, T ]. In order to do this we prove an evolution inequality for |F * tω | 2 and apply the parabolic maximum principle to it. First we have to introduce some notation, which is the same as in [6] . Define three tensors by
for X, Y, Z vector fields on M . Choose coordinates {x i } on L and let e i = F * ∂ ∂x i . We denote N i = N (e i ), η ij = η(e i , e j ) and h ijk = h(e i , e j , e k ). Moreover we denote by ω the two form F * tω on L and by R the Riemannian curvature tensor of the metric g = F * tḡ on L. Then we have the following formula due to Smoczyk (see [6, Lem. 1 
.4]):
Lemma 3.1 (Smoczyk's formula).
whereR klji =R(e k , e l , e j , N (e i )).
First we have to compute the evolution equations for ω and g.
Lemma 3.2 (Evolution equations for ω and g). Under the flow (LMCF) we have the following evolution equation:
i)
Since the proof of these formulas is essentially the same as in [6, Lem. Proof. Denote Y = π νLt ∇ ψ . Then using Lemma 3.2 and Smoczyk's formula we find
For terms of the form ω sl ω m l a sm we have in normal coordinates:
Since L is compact we can choose a constant C > 0, such that for all
Now it remains to find an estimate for the last two terms. We have
In normal coordinates we have therefore
Multiplying both sides with −2nω kl , using the almost Kähler-Einstein condition and estimating the quadratic terms in ω we get
Using that ω is closed we find
Now by definition of the tensor N we have N (e p ) = J(e p ) − ω m p e m and sō
Multiplying both sides with 2ω kl g pq and estimating the quadratic term in ω gives 2ω klR p lk p ≤ 2ω kl g pqR (e l , e k , e q , J(e p )) + C|ω| 2 .
But as seen in the proof of Proposition 2.1 we have g pqR (e l , e k , e q , J(e p )) =ρ kl , and hence
Using Lemma 3.3 and applying the parabolic maximum principle we conclude our main theorem 
The gradient flow
In this chapter we introduce a functional on the infinite dimensional manifold S, which consists of all compact n-dimensional submanifolds of M , with the property that the negative gradient flow of this functional is given by (LMCF). Let N ∈ S, then the tangent space of S at N consists of the normal vector fields on N . For any Riemannian metric g on M there is a natural
We define two conformally rescaled Riemannian metricsg andĝ on M bỹ g = e 2ψḡ andĝ = e 2n n+2 ψḡ .
Then we have the following: Proof. Let N ∈ S and let Y be a normal vector field to N . Then using the first variation of the volume we find
The almost Calabi-Yau case
We introduce almost Calabi-Yau manifolds and special Lagrangian submanifolds as defined by Joyce in [2, §8.4].
consists of a n-dimensional Kähler manifold (M, J,ω,ḡ) and a non-vanishing holomorphic volume form Ω.
Now given a n-dimensional almost Calabi-Yau manifold (M, J,ω,ḡ, Ω) we can define a smooth function ψ on M by e 2nψω n n! = (−1)
In particular (M, J,ω,ḡ, Ω) is Calabi-Yau if and only if ψ vanishes identically. Using |Ω|ḡ = 2 n 2 e nψ and the following formula for the Ricci form of a Kähler manifold with trivial canonical bundlē ρ = dd c log |Ω|ḡ
In particular almost Calabi-Yau manifolds are almost Kähler-Einstein and Theorem 3.4 holds. We introduce a conformally rescaled metricg on M bỹ
One easily checks that Re Ω then defines a calibrating n-form on (M,g). This leads us to the definition of special Lagrangian submanifolds. First remark that special Lagrangian submanifolds are minimal submanifolds with respect tog and observe that by Proposition 4.1 the Lagrangian mean curvature flow in almost Calabi-Yau manifolds decreases volume with respect tog, so (LMCF) could be used to flow to special Lagrangian submanifolds. Now let F : L −→ M be a Lagrangian immersion and g the induced Riemannian metric on L. From now on we also assume that L is oriented. Harvey and Lawson prove in [1] the following formula Since Ω is holomorphic∂Ω = 0, so Ω is closed. By Proposition 5.4 X = J(∇θ), thus F * t (d(X Ω)) = iF * t (d(∇θ Ω)) = id(e iθ+nψ ∇θ vol g ) = e iθ+nψ (−dθ ∧ (∇θ vol g ) + indψ ∧ (∇θ vol g ) +id(∇θ vol g )) = ie iθ+nψ (∆θ + ndψ(∇θ)) vol g + e iθ+nψ dθ(∇θ)vol g .
Hence, by comparing imaginary parts in (3) and (4), we find d dt θ = ∆θ + ndψ(∇θ).
Corollary 5.6. The cohomology class of α X does not change under (LMCF).
